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Abstract Dementia progression is often described as movement between discrete 
cognitive states, such as normal cognition, mild cognitive impairment, and dementia. 
Markov models are widely used to analyze such transitions and to estimate the proba
bility of moving between cognitive states over time. However, assessing how well these 
models capture the underlying transition dynamics is challenging. Conventional likeli
hood-based criteria evaluate overall model fit but may not adequately reflect whether 
a model accurately reproduces the observed transition structure. This study proposes 
and evaluates a transition-based goodness-of-fit framework for discrete-time Markov 
models. We conducted a simulation study across four sample sizes (100, 250, 1000, 
5000). Differences between observed and model-based transition matrices were quantified 
using several matrix distance metrics and compared with likelihood-based criteria. The 
proposed approach was also illustrated in a case study examining transitions between 
cognitive states in dementia. Distance-based metrics distinguished models based on 
how well they reproduced the true transition structure. When models included state 
dependence or interaction effects, these metrics more often identified better-performing 
models. At smaller sample sizes, the Manhattan distance and Kullback–Leibler divergence 
selected models that best matched the true transition patterns more frequently than 
AIC or BIC. Similar patterns were observed in the case study. Evaluating how closely 
models reproduce observed state transitions can provide useful information beyond 
traditional likelihood-based criteria. Distance-based measures may therefore complement 
conventional approaches when assessing Markov models of dementia progression and other 
multi-state processes.

Keywords: Dementia risk • Simulation • Markov models • Transitions

1

https://github.com/C-Monaghan/hopeful-hornet
https://orcid.org/0000-0001-9012-3060
https://orcid.org/0000-0001-9012-3060
https://orcid.org/0000-0002-1172-9855
https://orcid.org/0000-0002-1172-9855
https://orcid.org/0000-0002-0875-3563
https://orcid.org/0000-0002-0875-3563
https://orcid.org/0000-0002-7387-3107


Dementia is a neurogenerative disease characterized by progressive deterioration in cognitive ability 
(Prince et al., 2013), often beginning with a preclinical or asymptomatic period, transitioning 
through an intermediate stage such as mild cognitive impairment (MCI), and culminating in 
dementia (Sanz-Blasco et al., 2022). Statistically, this progression of cognitive states can be 
represented as a sequence of 𝐾 mutually exclusive response categories such that 𝑆 = {1, 2, …𝐾}. 
Understanding these transitions is central to epidemiological forecasting, intervention evaluation, 
and the design of health and social care services (Spackman et al., 2012; Tahami Monfared et 
al., 2023).

Because dementia progression unfolds over time and involves movement between discrete, 
observable states, Markov models have become common in the field (Costa et al., 2023; Salazar 
et al., 2007; Sanz-Blasco et al., 2022; Tahami Monfared et al., 2023; Wei et al., 2014; Williams et 
al., 2020; Yu et al., 2013). Within Markov models, the cognitive state of individual 𝑖 at time 𝑡, 
denoted 𝑌𝑖,𝑡 ∈ 𝑆, is represented as a stochastic process governed by the Markov property (Zhang 
et al., 2010):

𝑝𝑗𝑘(𝑡, 𝑡 + 1) = 𝑃(𝑌𝑖,𝑡+1 = 𝑘| 𝑌𝑖,𝑡 = 𝑗, 𝑌𝑖,𝑡−1 = 𝑗𝑡−1, …𝑌𝑖,0 = 𝑗0)

= 𝑃(𝑌𝑖,𝑡+1 = 𝑘|𝑌𝑖,𝑡 = 𝑗)
(1)

This property asserts that the probability of transitioning from state 𝑗 to state 𝑘 depends only 
on the current state 𝑌𝑖,𝑡 and not on the full history of preceding states {𝑌𝑖,𝑡−1, …, 𝑌𝑖0}. Under 
this assumption, Markov models offer a flexible framework for estimating transition probabilities 
𝑝𝑗𝑘(𝑡, 𝑡 + 1), describing the likelihood of movement from state 𝑗 to state 𝑘 over a fixed time interval.

Despite their widespread use, an important methodological challenge remains in the application 
of Markov models. This challenge being, how to assess whether a fitted Markov model adequately 
represents the transition dynamics observed in the data. In dementia research, transition models 
are frequently used to estimate disease progression rates and evaluate potential interventions (Sanz-
Blasco et al., 2022; Spackman et al., 2012). If the transition structure of a model is poorly specified, 
these downstream estimates may be biased, potentially leading to misleading conclusions about 
disease progression or healthcare planning. Consequently, reliable tools for assessing the goodness-
of-fit of transition-based models are essential for ensuring that estimated transition probabilities 
faithfully reflect the patterns observed in longitudinal data.

In practice, Markov models can be formulated in either continuous or discrete time. However, 
many longitudinal cohort studies collect observations at discrete intervals, such as annual or bien
nial assessments. Although R (R Core Team, 2025) provides a well-developed ecosystem for fitting 
continuous-time Markov models (Jackson, 2011; Ucar et al., 2019), dedicated tools for discrete-
time Markov models are less developed. Existing packages such as DTMCPack (William, 2013) and 
markovchain (Spedicato, 2017) are useful but do not support covariate-dependent discrete-time 
transitions. Consequently, a common approach is to estimate the transition probabilities using a 
multinomial logistic regression model (see Spackman et al. (2012) as an example), treating the state 
at time 𝑡 + 1 as a categorical outcome conditional on the state at time 𝑡, which is entered as an 
additional covariate in the model (a derivation of such probabilities is provided in supplementary 
materials).
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Within this framework, the fitted model produces a set of transition probabilities rather than 
direct predictions of observed outcomes. For a system with 𝐾 states, these probabilities are 
represented by a 𝐾 × 𝐾 transition probability matrix 𝐏, where each element 𝑝𝑗𝑘 represents the 
probability of transitioning from state 𝑗 at time 𝑡 to state 𝑘 at time 𝑡 + 1:

𝐏(𝐭, 𝐭 + 𝟏) =

(




𝑝11
𝑝21
⋮

𝑝𝐾1

𝑝12
𝑝22
⋮

𝑝𝐾2

…
…
⋱
…

𝑝1𝐾
𝑝2𝐾

⋮
𝑝𝐾𝐾)





.

Unlike standard regression models, evaluating goodness-of-fit in this setting is not straightforward 
(Araripe et al., 2024). Since an observed transition is a stochastic realization from this probability 
distribution, there is no direct analogue to prediction error or residuals that links observed 
transitions to model-implied transition mechanisms. In other words, we observe only the state 
that actually occurred, rather than the full set of probabilities assigned to all possible transitions. 
As a result, familiar diagnostic tools based on residuals or prediction errors are not directly 
applicable. Existing methods, such as deviance/likelihood-ratio tests, information criteria, or 
simulation envelopes, provide partial insights into the fitted model. They often fail to provide a 
comprehensive, quantitative measure of how well the aggregate transition structure of the fitted 
transition probability matrix replicates the empirical transition matrix observed within the data.

Distance metrics

To address this gap, a natural approach is to compare the empirical transition structure observed 
in the data with the model-implied transition structure produced by the fitted model. Let 𝐏 denote 
the empirical transition matrix obtained directly from the observed transitions, and let 𝐏̂ denote 
the corresponding transition matrix estimated by fitting a Markov model. The central question 
then becomes: “How different is 𝐏̂ from 𝐏?”. In univariate models, a simple way of measuring this 
difference is by calculating a residual, which typically relies on the signed unidimensional distance 
between an observation and a fitted value (e.g., 𝑦 − 𝑦). However, determining the best way to 
measure a distance between two matrices is less trivial.

Distance-based metrics provide a principled way to quantify discrepancies between two transition 
matrices. These metrics treat the transition matrix as a 𝐾 × 𝐾 object whose structure can be 
assessed globally, rather than focusing on individual probabilities in isolation. Let 𝐃 = 𝐏 − 𝐏̂ 
denote the matrix of element-wise differences (𝑑𝑗𝑘 = 𝑝𝑗𝑘 − 𝑝𝑗𝑘)). Several matrix norms and diver
gence measures can then be used to summarize the magnitude of discrepancy, each emphasizing 
different structural features of the transition process. In this study we compare six of these distance 
measures and compare their performance against current benchmark information criteria (AIC and 
BIC) using simulation experiments motivated by dementia progression modelling. Specifically, we 
examine how well these metrics identify models that accurately reproduce the underlying transition 
dynamics across varying sample sizes and levels of model misspecification. The metrics considered 
are summarized in Table 1.
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Table 1:  Distance based metrics and information crietia used in simulation study.

Metric Formula

Frobenius norm
| | 𝐃| |𝐹 =

√



∑
𝐾

𝑗=1
∑
𝐾

𝑘=1
𝑑2

𝑗,𝑘

Manhattan distance
∑
𝐾

𝑗=1
∑
𝐾

𝑘=1
| 𝑑𝑗,𝑘|

Maximum absolute error max
𝑗,𝑘

| 𝑑𝑗,𝑘|

Root mean squared error

√

 1

𝐾2 ∑
𝐾

𝑗=1
∑
𝐾

𝑘=1
𝑑2

𝑗,𝑘

Correlation dissimilarity 1 − corr(vec(𝐏), vec(𝐏̂))

Kullback-Leibler divergence
∑
𝐾

𝑗=1
∑
𝐾

𝑘=1
(𝑝𝑗𝑘 + 𝜖) log(

𝑝𝑗𝑘

𝑝𝑗𝑘
)

Akaike information criterion −2 ln(ℓ̂) + 2𝜓

Bayesian information criterion −2 ln(ℓ̂) + 𝜓 ln(𝑛)

K represents the total number of categories; corr(x, y) = is the Pearson correlation function; 
vec(⋅) is an operator that converts a matrix into a vector by stacking its columns; ψ is the 
number of model parameters; ℓ is the model’s log-likelihood; 𝑛 is the sample size. Additionally, 
for the Kullback–Leibler divergence, a small constant ε = 1e-10 is added to each matrix entry 
to avoid undefined logarithms when probabilities are zero.
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Methods

Simulation study aims

We designed a simulation study to evaluate the performance of different matrix-based distance 
metrics in assessing the goodness-of-fit of discrete-time Markov models for dementia progression. 
The primary aim was to determine whether these metrics can reliably detect misspecification in 
multinomial logistic regression models used to estimate transition probabilities. The study follows 
best practices for simulation reporting using the ADEMP framework (Morris et al., 2019; Siepe et 
al., 2024).

Data generating mechanisms

Markov process structure

We simulated data for 𝑁 = 10, 000 individuals across 𝑡 = 3 waves. Consistent with typical dementia 
progression, the data was simulated for a process with 𝐾 = 3 mutually exclusive states such that 
𝑆 ∈ {1, 2, 3}, representing a pre-clinical state (1), mild cognitive impairment (2), and dementia 
(3). For each individual 𝑖 ∈ {1, …, 𝑁} and discrete time point 𝑡 ∈ {1, …, 𝑇}, the true state at time 
𝑡 is denoted as 𝑌𝑖,𝑡 ∈ 𝑆. Under a first-order Markov process, transitions between states satisfy the 
Markov property (Equation 1).

Covariate specification

We generated a set of time-invariant and time-varying covariates designed to mimic plausible risk 
factors observed in ageing cohort studies (Sonnega et al., 2014). Each covariate was chosen to 
reflect either a common demographic factor or a behavioral / psychological construct that may 
influence cognitive transitions (Monaghan et al., 2026).

• 𝐱𝟏: A binary covariate drawn from a Bernoulli distribution with probability of success 0.5. 
Within the simulation, this variable represents a binary demographic attribute such as gender.

• 𝐱𝟐: A continuous covariate drawn from a normal distribution 𝒩︀(70, 25) and then rounded to 
the nearest whole number. Within the simulation, this variable represents age.

• 𝐱𝟑: A rounded continuous covariate from a normal distribution 𝒩︀(25, 225), truncated to the 
interval [0, 60] such that values above or below the interval are set to the nearest value within the 
interval (i.e., 0 or 60) and then rounded to the nearest whole number. Within the simulation, this 
variable represents psychological or behavioural assessments (e.g., memory tests or psychosocial 
scales) with fixed bounded scores.

• 𝐱𝟒, 𝐱𝟓: Continuous noise variables, drawn from a uniform distribution 𝒰︀(0, 1).

Four of these covariates evolved over time to introduce time-varying confounding:

𝑥2𝑖,𝑡 = 𝑥2𝑖0 + (𝑡 − 1) × 2

𝑥3𝑖,𝑡 = min( 60, max( 0, 𝑥3𝑖,(𝑡−1) + 𝜖(3)
𝑖,𝑡 )) 𝜖(3)

𝑖,𝑡 ∼ 𝑁(5, 4)

𝑥4𝑖,𝑡 = min( 1, max( 0, 𝑥4𝑖,𝑡−1 + 𝜖(4)
𝑖,𝑡 )) 𝜖(4)

𝑖,𝑡 ∼ 𝒰︀(0, 0.062)

𝑥5𝑖,𝑡 = min( 1, max( 0, 𝑥5𝑖,𝑡−1 + 𝜖(5)
𝑖,𝑡 )) 𝜖(5)

𝑖,𝑡 ∼ 𝒰︀(0, 0.062),
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where 𝑡 ∈ {1, 2, 3} indexes follow-up waves. The full covariate vector for individual 𝑖 at time 𝑡 was 
𝐱𝑖,𝑡 = (𝑥1𝑖,𝑡,𝑥2𝑖,𝑡,𝑥3𝑖,𝑡,𝑥4𝑖,𝑡,𝑥5𝑖,𝑡).

Simulation scenarios

We evaluated three data-generating mechanisms (DGMs) of increasing complexity. In all scenarios, 
transition probabilities were governed by a multinomial logistic model (supplementary equation 
A1) with state 1 as the reference category. The corresponding transition probability for each non-
reference category was calculated using supplementary equation A2 and for the reference category 
using supplementary equation A3. Additionally, all true value parameters vectors for scenarios S1, 
S2, and S3 (𝜽𝑆1, 𝜽𝑆2, 𝜽𝑆3, respectively) were derived from prior empirical research investigating 
behavioral correlates of dementia transitions (Monaghan et al., 2026).

In scenario 1, transitions depended solely on a set of individual covariates 𝐗𝑖,𝑡 = (𝑥1𝑖𝑡, 𝑥2𝑖𝑡, 𝑥3𝑖𝑡), 
with no effect of the previous state. Within this scenario, the linear predictor was defined as:

𝜂(𝑘)
𝑖,𝑡 = 𝛼𝑘 + 𝐗⊺

𝑖𝑡𝜷𝑘,

with true value parameters set as:

𝜽𝑆1 = (𝛼𝑘,𝛽1𝑘,𝛽2𝑘,𝛽3𝑘),𝑘 = 2, 3)
𝜶 = (−5.152, −5.402)
𝜷 = (0.008, −0.034, 0.036, 0.017, 0.028, 0.045).

In scenario 2, transitions depended additively on both the covariates 𝐗𝑖,𝑡 = (𝑥1𝑖𝑡, 𝑥2𝑖𝑡, 𝑥3𝑖𝑡) and 
the individual’s previous state 𝑌𝑖𝑡. Within this scenario, the linear predictor was defined as:

𝜂(𝑘)
𝑖,𝑡 = 𝛼𝑘 + 𝐗⊺

𝑖𝑡𝜷𝑘 + 𝐒⊺
𝑖𝑡𝛾𝑘,

where 𝐒𝑖𝑡 is an indicator variable. The true value parameters were set as:

𝜽𝑆2 = (𝛼𝑘,𝛽1𝑘,𝛽2𝑘,𝛽3𝑘, 𝛾1𝑘,𝛾2𝑘),𝑘 = 2, 3
𝜶 = (−5.370, −7.907)
𝜷 = (0.02, −0.011, 0.036, 0.039, 0.022, 0.016, 1.711, 2.790)
𝜸 = (−0.776, 20.914).

Finally, in scenario 3, transitions depended both on the covariates 𝐗𝑖,𝑡 = (𝑥1𝑖𝑡, 𝑥2𝑖𝑡, 𝑥3𝑖𝑡) and the 
individual’s previous state 𝑌𝑖𝑡 along with their corresponding interactions. Within this scenario, 
the linear predictor was defined as:

𝜂(𝑘)
𝑖,𝑡 = 𝛼𝑘 + 𝐗⊺

𝑖𝑡𝜷𝑘 + 𝐒⊺
𝑖𝑡𝜸𝑘 + (𝐗𝑖𝑡 ⊗ 𝐒𝑖𝑡)⊺𝜹𝑘,

with true value parameters defined as:
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𝜽𝑆3 = (𝛼𝑘,𝛽1𝑘,𝛽2𝑘,𝛽3𝑘, 𝛾1𝑘,𝛾2𝑘,𝛿1𝑘,𝛿2𝑘,𝛿3𝑘,𝛿4𝑘,𝛿5𝑘,𝛿6𝑘, : 𝑘 = 2, 3)
𝜶 = (−5.885, −10.613)
𝜷 = (0.102, 0.615, 0.043, 0.076, 0.019, −0.002)
𝜸 = (3.845, 7.901, −0.638, 12.753)
𝜹 = (−0.292, −1.019, −0.474, −1.268, −0.031, −0.072, 0.093, 0.1, 0.008, 0.029, −0.082, −0.021).

Estimation methods

Model fitting

For each simulated dataset, we first partitioned the data into training (80%) and test (20%) 
sets. Model parameters were estimated exclusively on the training data, while all performance 
evaluations were conducted on held-out test data. This was done so as to assess the out-of-
sample recovery of transition dynamics. For each training set, we fitted 15 multinomial logistic 
regression models using the nnet package (Venables & Ripley, 2002) across 4 different sample sizes 
{100, 250, 1000, 5000}. These models were grouped into three “families”, corresponding to the level 
of model misspecification relative to the true DGM.

1. Base Models (Ignoring Markov Property)

Null: 𝑌𝑡+1 ∼ 1
Reduced 1: 𝑌𝑡+1 ∼ 𝑥1
Reduced 2: 𝑌𝑡+1 ∼ 𝑥1 + 𝑥2

True: 𝑌𝑡+1 ∼ 𝑥1 + 𝑥2 + 𝑥3 (Exact DGM for Scenario 1)
Overfit: 𝑌𝑡+1 ∼ 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5

(2)

2. Additive Models (With State Dependence)

Null: 𝑌𝑡+1 ∼ 𝑌𝑡

Reduced 1: 𝑌𝑡+1 ∼ 𝑥1 + 𝑌𝑡

Reduced 2: 𝑌𝑡+1 ∼ 𝑥1 + 𝑥2 + 𝑌𝑡

True: 𝑌𝑡+1 ∼ 𝑥1 + 𝑥2 + 𝑥3 + 𝑌𝑡 (Exact DGM for Scenario 2)
Overfit: 𝑌𝑡+1 ∼ 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 + 𝑌𝑡

(3)

3. Multiplicative Models (With Interactions)

Null: 𝑌𝑡+1 ∼ 𝑌𝑡

Reduced 1: 𝑌𝑡+1 ∼ 𝑥1 ∗ 𝑌𝑡

Reduced 2: 𝑌𝑡+1 ∼ (𝑥1 + 𝑥2) ∗ 𝑌𝑡

True: 𝑌𝑡+1 ∼ (𝑥1 + 𝑥2 + 𝑥3) ∗ 𝑌𝑡 (Exact DGM for Scenario 3)
Overfit: 𝑌𝑡+1 ∼ (𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5) ∗ 𝑌𝑡

(4)
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Model-based transition probabilities

To evaluate how well each fitted model ℳ︀ captured the underlying transition dynamics, we 
generated model-based transition probability matrices via a two step procedure. In the first step, 
an augmented version of the test dataset was created enabled the model to predict transitions 
from all possible previous states. For each individual 𝑖 at each time point 𝑡, three augmented rows 
were created corresponding to the three possible previous states 𝑗 ∈ {1, 2, 3}. This ensured that 
the fitted model could generate predicted probabilities

𝑃(𝑌𝑡+1 = 𝑘|𝑌𝑡 = 𝑗, 𝐳𝑖,𝑡)

for every 𝑗, regardless of the individual’s actual previous state in the data.

In the second step, we derived the transition behaviour implied by each model by predicting 
next-state transitions using the model’s estimated parameters. For each model ℳ︀, the estimated 
coefficients vector 𝜽ℳ︀ were used to compute predicted probabilities for all possible state transitions 
(𝑗 → 𝑘).

Performance Measures

The core of our evaluation involved comparing the empirical transition matrix from the test dataset 
to the model-implied transition matrix. Let 𝐏𝑖,𝑡 be the empirical transition matrix for individual 𝑖 
at time 𝑡 obtained by tabulating state transitions (𝑌𝑖,𝑡, 𝑌𝑖,𝑡+1) from the test dataset. Additionally, 
let 𝐏̂𝑖,𝑡 be the model-implied transition matrix. For individual 𝑖 at time 𝑡 with a covariates pattern 
𝐳𝑖,𝑡 this is a 𝐾 × 𝐾 matrix where the entry 𝑗, 𝑘 is the model’s predicted probability 𝑃(𝑌𝑡+1 =
𝑘|𝑌𝑡 = 𝑗, 𝐳𝑖,𝑡). We defined the difference matrix as 𝐃𝑖,𝑡 = 𝐏𝑖,𝑡 − 𝐏̂𝑖,𝑡 and quantify the discrepancy 
using the distance metrics defined in Table 1.
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Results
Initially we present an exploratory analysis of the data from each scenario using contingency 
tables. Table 2 summarizes the unconditional transitions and transition probabilities between each 
cognitive state across the scenarios.

Table 2:  Unconditional transitions and transition probabilities across scenarios.

Current state (t)

Previous state (t-1) 1 2 3 Total

Base simulation

1 12856
(0.64)

2456
(0.12)

847
(0.04)

16159

2 2155
(0.11)

498
(0.02)

204
(0.01)

2857

3 750
(0.04)

167
(0.01)

67
(0.003)

984

Additive simulation

1 13817
(0.69)

1996
(0.10)

192
(0.01)

16005

2 1657
(0.08)

2606
(0.04)

162
(0.01)

2606

3 120
(0.01)

55
(0.003)

1214
(0.06)

1389

Multiplicative simulation

1 14030
(0.70)

1921
(0.10)

166
(0.01)

16117

2 1602
(0.08)

712
(0.04)

167
(0.01)

2481

3 102
(0.01)

61
(0.003)

1239
(0.06)

1402

To evaluate the ability of each distance metric to identify the true data-generating model, we 
examined the proportion of simulation repetitions in which each model ℳ︀ was ranked as the best-
fitting (Figure 1).
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Small sample sizes

For the smallest sample size (𝑛 = 100) clear differences emerged between distance-based metrics 
and likelihood-based information criteria. Across both additive and multiplicative generative 
scenarios, the Manhattan distance and the Kullback–Leibler divergence identified the true model 
at rates comparable to, and in several cases exceeding, those of AIC and BIC. As shown in Figure 1 
both metrics maintained a non-trivial probability of selecting the true model even under increased 
model complexity, whereas the information criteria frequently favoured simpler alternatives. This 
relative robustness at small 𝑛 suggests that the Manhattan distance and KL divergence are 
less sensitive to the sampling variability that destabilises likelihood-based criteria in sparse data 
settings. In contrast, the remaining metrics (e.g., Frobenius norm, RMSE, correlation dissimilarity) 
showed mixed performance, often favoring overfitted or reduced models.

At 𝑛 = 250, AIC showed modest improvement, particularly for simpler generative mechanisms. 
However, it continued to misidentify the true model under increased complexity, most notably 
in the multiplicative scenarios. BIC remained unreliable across all scenarios, strongly penalizing 
model complexity and frequently selecting the null model. In contrast, the Manhattan distance 
continued to demonstrate comparatively stable recovery of the true model across repetitions, and 
most clearly outperformed AIC in the more complex additive and multiplicative settings. The 
Kullback–Leibler divergence similarly outperformed both AIC and BIC up to, but not including, 
the most complex multiplicative scenario.

Moderate sample sizes

With a further increase in sample size (𝑛 = 1000), the performance of AIC improved substantially. 
As shown by Figure 1 AIC correctly identified the true model in over approximately 90% of repeti
tions across all generative scenarios. However, BIC continued to exhibit systematic underfitting, 
performing well only in the simplest generative scenario and frequently favoring the null model in 
both the additive and multiplicative scenarios.

The distance-based metrics displayed a more gradual improvement with increasing sample size. 
Most notably, the Kullback–Leibler divergence performed nearly equivalently to AIC across all 
scenarios, indicating strong sensitivity to discrepancies in the underlying transition structure. 
The Manhattan distance also remained informative, ranking the true model as best fitting in 
approximately half of all repetitions across scenarios. Although this performance was weaker than 
that of AIC, it did not deteriorate with increasing model complexity, suggesting that this metric 
captures aspects of model misspecification that are not fully reflected in likelihood-based criteria. 
The remaining distance measures continued to show heterogeneous behaviour, alternating between 
overfitting and instability across repetitions.

Large sample sizes

At the largest sample size (𝑛 = 5000), both AIC and BIC exhibited near-perfect performance, 
identifying the true model in essentially all simulation repetitions across all generative scenarios. 
This convergence confirms that, when sufficient data are available, traditional likelihood-based 
information criteria are adequate for reliable model recovery. In contrast, the relative performance 
of the distance-based metrics was largely comparable to that observed at 𝑛 = 1000 showing limited 
additional gains with further increases in sample size. Notably, however, the Kullback–Leibler 
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divergence mirrored the behaviour of AIC and BIC, identifying the true model in nearly all 
repetitions even under the most complex multiplicative generative scenario.

Figure 1:  Proportion of simulation repetitions in which each candidate model was ranked 
as best fitting across distance metrics and information criteria. Each stacked bar corresponds 
to a model class, with segment heights representing the percentage of repetitions in which 
each sub-model was selected as the best fitting. AIC = Akaike information criterion; BIC = 
Bayesian information criterion.
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Case study
We illustrate the proposed goodness-of-fit assessment framework using data from the United States 
Health and Retirement Study (HRS; Sonnega et al. (2014)). The HRS is a nationally representative 
longitudinal panel study administered by the Institute for Social Research at the University of 
Michigan, which follows American adults aged 50 years and older. Since its inception in 1992, 
the HRS has collected biennial data on participants’ health, socioeconomic circumstances, and 
cognitive functioning, making it a widely used resource for studying cognitive ageing and dementia 
trajectories. For the purpose of this illustration, we focus on three of these biennial waves from 
2018 - 2022, yielding a sample of 𝑛 = 10, 895 respondents.

Cognitive function in the HRS is measured using a battery of assessments adapted from the 
Telephone Interview for Cognitive Status (TICS; Fong et al. (2009)), which is based on the 
Mini-mental State Examination (Folstein et al., 1975). These assessments include immediate and 
delayed noun free-recall tasks to evaluate episodic memory, a serial sevens subtraction task to 
assess working memory, and a backward counting task to capture mental processing speed. Based 
on these assessments, Crimmins et al. (2011) developed a validated 27-point cognitive scale along 
with established cut-off points to classify respondents’ cognitive status. Following this classification 
scheme, respondents scoring between 12 and 27 were classified as having normal cognition, scores 
between 7 and 11 indicated mild cognitive impairment (MCI), and scores between 0 and 6 were 
classified as dementia.

From the available HRS covariates, we selected three predictors that are commonly examined 
in studies of cognitive decline (Livingston et al., 2024): sex (𝑥1), age (𝑥2), and a five-point 
ordinal self-rating of memory (𝑥3). To mirror the design of the simulation study and to assess 
the ability of the proposed distance metrics to distinguish informative predictors from noise, 
we additionally simulated two non-informative covariates from a Uniform distribution, such that 
{𝑥4; 𝑥5} ∼ 𝒰︀(0, 1). In addition, we included the respondent’s cognitive status 𝑌𝑡 when necessary 
(i.e., Equation 3 and Equation 4).

Using this covariate set, we followed the same model-fitting and evaluation procedure as in the 
simulation study. Specifically, the data were split into training (80%) and test (20%) sets, the 15 
multinomial logistic regression models defined in Equation 2, Equation 3, and Equation 4 were 
fitted, and observed transition probabilities 𝐏𝑖,𝑡 were compared to predicted probabilities 𝐏̂𝑖,𝑡. 
Figure 2 summarises the relative performance of each model across the different goodness-of-fit 
measures.

Consistent with the simulation results (see Figure 1), both the Manhattan distance and the 
Kullback–Leibler divergence most frequently identified the model containing the three substan
tively meaningful predictors (𝑥1, 𝑥2, 𝑥3) in approximately 50% of repetitions in both the base 
and additive scenarios. In the more complex multiplicative scenario, differences between the 
distance metrics became more pronounced. While the Manhattan distance increasingly favoured 
the model excluding the simulated noise covariates as sample size grew, the Kullback–Leibler 
divergence required substantially larger samples (𝑛 = 1000) before consistently identifying the 
model containing only the non-simulated predictors (mirroring that of the simulation study).
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Figure 2:  Proportion of case study repetitions in which each candidate model was ranked as 
best fitting across distance metrics and information criteria. Each stacked bar corresponds to 
a model class, with segment heights representing the percentage of repetitions in which each 
sub-model was selected as the best fitting. Base models ignore first-order state dependence, 
whereas additive and multiplicative specifications incorporate Yt directly (with or without 
interactions), thereby modelling the Markov transition structure explicitly. AIC = Akaike 
information criterion; BIC = Bayesian information criterion.

Discussion
This study evaluated a set of matrix-based distance metrics as tools for assessing goodness-of-
fit in discrete-time Markov models estimated via multinomial logistic regression, with particular 
emphasis on applications to dementia progression modelling. Through a combination of simulation 
experiments and an empirical case study using HRS data, we demonstrate that distance-
based comparisons of observed and model-implied transition matrices provide information that 
is complementary to, and in some settings (e.g., 𝑛 ∈ {100, 250}) more reliable than, traditional 
likelihood-based information criteria.

Across the simulation study, two distance metrics consistently exhibited strong performance: 
the Manhattan distance and the Kullback–Leibler divergence. Both exhibited strong and com
paratively stable performance across a range of sample sizes and data-generating mechanisms, 
particularly under increased model complexity. Most notably, the Manhattan distance frequently 
outperformed AIC and BIC in small samples and in settings involving interaction effects or strong 
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state dependence. This finding suggests that the Manhattan distance is comparatively robust to 
the sampling variability that can destabilise likelihood-based criteria in finite samples (Emiliano 
et al., 2014).

The KL divergence displayed a complementary pattern. While less robust than the Manhattan 
distance in the smallest samples and most complex scenarios, its performance improved rapidly 
with increasing sample size. By moderate to large samples, KL closely mirrored the behaviour of 
AIC, and at the largest sample sizes it achieved near-perfect recovery of the true model even under 
the most complex multiplicative data-generating mechanisms. This aligns with the theoretical 
interpretation of KL divergence as a measure of information loss between true and fitted transition 
distributions (Kullback & Leibler, 1951).

As expected, the performance of traditional information criteria improved substantially with 
increasing sample size. In large samples, both AIC and BIC demonstrated near-perfect recovery 
of the true data-generating model, consistent with their well-established asymptotic properties. 
These results confirm that likelihood-based approaches remain appropriate and effective when data 
are abundant and model complexity is well supported.

However, the more gradual convergence of the distance-based metrics highlights an important 
conceptual distinction. Distance metrics do not aim to optimise predictive likelihood. Instead, they 
assess how well a fitted model reproduces the empirical transition structure itself. Their continued 
sensitivity to structural discrepancies, even in larger samples, should therefore be viewed as a 
strength rather than a limitation. In applied settings, particularly in disease progression modelling, 
a model that fits well in likelihood terms may still produce implausible or distorted transition 
dynamics, a form of misspecification that distance-based diagnostics are well positioned to detect.

The empirical case study using HRS data further corroborated the simulation findings. Both 
the Manhattan distance and KL divergence tended to favour models containing substantively 
meaningful predictors of cognitive decline (sex, age, and self-rated memory), while remaining 
comparatively insensitive to the inclusion of simulated non-informative covariates. This behaviour 
is consistent with the intended role of the distance metrics: to distinguish meaningful signal in 
transition dynamics from noise introduced by irrelevant predictors.

Taken together, these findings suggest that matrix-based distance metrics, in particularl the 
Manhattan distance and KL divergence, provide a valuable addition to the model evaluation 
toolkit for discrete-time Markov models. Rather than serving as replacements for AIC or BIC, 
these measures are best viewed as complementary diagnostics that foreground structural fidelity 
of transition dynamics. Their use is especially well suited to applied research contexts, such as 
dementia progression modelling, where the realism and interpretability of implied transitions are 
at least as important as predictive likelihood.

Limitations and future directions

Several limitations of the present study suggest directions for future research. First, although the 
proposed goodness-of-fit framework captures discrepancies in transition structure that are not 
reflected in likelihood-based criteria, the choice of distance metric remains context dependent. 
Different distance metrics emphasize different aspects of the transition matrix (e.g., global versus 
state-specific discrepancies, absolute versus distributional differences), and no single metric can 
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be considered universally optimal. Future work could explore principled strategies for selecting 
or combining distance measures, potentially informed by substantive theory or decision-analytic 
considerations (Lee et al., 2025; Wu et al., 2021)

Secondly, this simulation framework is restricted to discrete-time, first-order Markov processes 
estimated using generalized logit models. While this specification covers a broad and widely used 
class of state transition models, it does not encompass more complex forms of dependence.

Several extensions therefore represent promising avenues for future work. These include 
higher-order Markov processes, (i.e., where transitions depend on multiple previous states) and 
continuous-time formulations. In addition, hidden Markov models, which incorporate latent state 
dynamics, would provide a natural extension for settings with measurement error or unobserved 
heterogeneity (Zeng et al., 2010). Beyond the generalized logit framework used here, other impor
tant classes of categorical outcome models, such as ordinal transition models and alternative link 
specifications, could also be investigated to assess whether the proposed goodness-of-fit framework 
performs similarly across modelling paradigms.

Conclusions

Matrix-based distance metrics offer a principled and interpretable complement to likelihood-based 
criteria for assessing discrete-time Markov models. By directly comparing empirical transition 
matrices to those implied by fitted models, these measures provide diagnostic information that is 
particularly sensitive to structural misspecification. The strong finite-sample performance of the 
Manhattan distance and the favourable asymptotic behaviour of the Kullback–Leibler divergence 
highlight their practical utility, especially in applied longitudinal settings where accurate repre
sentation of transition dynamics is central to substantive inference.
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